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THE LOG-NORMAL COMPUTER PROGRAM (LGNPRG)

INTRODUCTION

The Log-Normal Pistribution has mathematical properties
which make it useful in studying certain classes of phenomena
related to ecology and the enviroment. For example, the
log-normal distribution has been successfully applied to the
following studies:

(a) Particle size variability

(b) Pollen count studies related to allergies
(¢) Concentrations of toxic substances in water
(d) Automobile exhaust emission levels

The mathematical properties which make the log-normal
distribution applicable in these studies are

(1) The fact that real logarithms exist only for positive
numbers. As such, the log-normal does not have a tail
to the left of X = Q.

(2) In order to increase the normal Z-Score at any X by an
amount h it is necessary to multiply X by the factor.ﬂ*c:
where ¢~ is the standard deviation of InX. This implies
that the largest values in the distribution can be
enormous multiples of average values, as is true of
unfiltered particles and gross cases of pollution.
Incidentally, this property of the log-normal
distribution makes it unfit for fatigue life studies,
since it implies a decreasing hazard rate with respect
to exposure time at the high end of the distribution.
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DEFINITION OF A LOG-NORMALLY DISTRIBUTLD VARIABLE

A variable X is said to be log-normally distributea if its
natural logarithm (1lnX) has a normal (Gaussian) distribution.
From this definition it follows that the probability density

function f(X) of a log-normally distributed variable X is

o Lex =M\ ,
FIR) = / \_Q/‘“z( }M) (1)

X 0/z 7

where,

X = the log-normally distributed variable

x
"

the mean of the natural logarithm of X

the standard deviation of the natural logarithm of X

K
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THE ESTIMATION OF M AND O™

The estimation of M and g=of (1) from a sample of N
observations on the variable X is straightforward. We simply
take the natural logarithms of the N observations (xl y Xg 5 0 -
@ w s 5 XN) , and thus generate the set {(ln X) s In X5 5 = « o

1n XN) .

Then ,

In Xl + 1n Xg + « «.¢ 2 « + 1n XN (2)

N

and ot /\/(M-lﬂxl)2+(u—1nx2)2+. ’ .+(M_1an)2 -
N -1
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LOCATING THE NINE DECILES OF THE DISTRIBUTION

DEFINITION: The nine deciles of a distribution of a variable X

are defined to be the values of the variable X below which are

found, respectively, 10 %, 20 %, 30 %, 40 %, 30 %, 60 %, 70 %,

80 %, and 90 % of the population.

To locate these deciles in a log-normal population we simply

use NORMAL Z-SCORES on the natural logarithms of the variable X,

Thus,
10 % location

20 % location
30 % location
40 % location
50 % location
60 % location
70 % location
B8O % location

90 % location
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In the above expressions,

KoM M M M o M B M

T X T2 P =z B @ zZ =

1.2821550°
0.84162 ("
0.524400
0.23335(¢

0.253350
0.524400~
0.84162 (™

1.2821550"

Mean of 1ln X

Standard Deviation of 1ln X
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By taking anti-~logs (exponentials) of these values of 1ln X

we obtain the nine deciles of X as the following:

10 % location of = EXP(M - 1.282155¢0")

20 % location of X = EXP(M -~ 0.84162 (T
30 % location of = EXP(M - 0.52440 ™)
40 % location of = EXP(M - 0.25335 ™)

EXP(M)
= EXP(M + 0.25335 ™)

530 % location of
60 % location of
70 % location of = EXP(M + 0.52440 (™)

BO % location of = EXP(M + 0.84162 )

LI - I T
N

= EXP(M

+

90 % location of 1.28155 g~)

In a similar fashion, we locate the 1 %, 5 %, 95 %, and 99 %

levels of X as follows:

2.32635 )
1.64485 ™)

EXP (M
EXP (M

1 % location of X
5 % location of X

L}
i

EXP(M + 1.64485 J7)
EXP(M + 2.32635 )

95 % location of X

99 % location of X
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SAMPLING ERRORS OF ESTIMATED QUANTILE LEVELS

DEFINITION: The quantile level Q of a variable X is that value

of X below which is found the fraction Q of the population.

Thus for the nine deciles we have

Q= .1, .2, .3, .4, .5, .6, .7, .8, and .9, respectively.

For the ls—t- percentile Q = .01
For the 532 percentile : Q = .05
For the 9533h percentile: Q = ,95
For the 9933-E percentile: Q¢ = .99
Etc. Etc.

For a NORMALLY distributed variable the standard error of
quantile Q of the variable, as estimated from a sample of size

N of the variable, is

g Q(l - Q)
YQ N

where, (O = standard deviation of the variable

= Std. NORMAL ORDINATE at quantile Q (From a table
of Gaussian ordinates.)

Yq

* See DUNLAP & KURTZ: Handbook of Statistical Charts and Tables

world Book Co. (1932)
Formula No. 431, pg. 140.
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Hence, assuming the SAMPLE QUANTILE Q is also normally
distributed, we can take the two-sided 90 % CONFIDENCE BAND of
the ESTIMATED QUANTILE Q of the variable to be

ESTIMATED QUANTILE q) 4 1.64485 O~ (1 - g
OF NORMAL VARIABLE ./ —7 Y N
Q

For a log-normal variable X, we have

3 if no better value

is available

Use estimate (3) on page
o= Population Standard Deviation of 1n X.

For different Q's the estimated quantiles of ln X are given on page 4,

The Gaussian Ordinates YQ are as follows:

@ YQ
.01 . 02665
.05 .10314
.10 .17550
.20 . 28000
«30 . 34769
.40 . 38634
.50 . 39894
.60 . 38634
.70 . 34769
.BO . 28000
.90 » 17350
<95 .10314

.99 . 02665
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Hence, at quantile Q, the LOWER 5 % BOUNDARY of a log-normal

variable X is

X, = EXP | M + z, 0 - —L:.84485 0 AV/—HLi—:—Ql. (4)
L Q YQ N
Likewise, the UPPiEr 95 % BOUNDARY of the same log-normal
variable X is (at quantile Q)
X = EXp| M+ z,q +-1:82485 T M- 9) (5)
U Q YQ N

In the above formulas: ZQ = NORMAL Z-SCORE for quantile Q

THE LUG-NORMAL PROGRAM

In the log-normal computer program (LGNPRG) listing which follows,
we use (2) and (3) to estimate the mean and sigma of the natural
logs. The CENIKAL VALU&LS of PERCENTILES are obtained from the formulas
on page 5. Finally, LOWER 5 % and UPPER 95 % bounds on percentiles
are obtained by using (4) and (5) above,.

The data are entered in statement 2 of the program. If the data

are not grouped, simply enter
Here N = Sample Size

2 DATA Ny x1’x2" ¥ o® wp Ry X; = ith observation of the samplé)

A N = Sample Size
If the data are grouped, enter G = Number of Groups
X.= Central X in 4roup i
2 DATA GN,X) \Xo, + o« Xy Iy fl

Frequency in Group i
Y p

It should be noted that the program asks whether or not a log-normal
fit is desired, and whether or not the data are grouped. (Answer by
a Lk (0) for "NU", or by a 1 for and press the
carriage return.). In case a "NO" answer is given t¢o the log-normal
fit question, the program simply gives an ordinary NORMAL CURYE FIT
to the data.

"YES" in each case,
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LOG-NORMAL PROGRAM (LGNPRG)

DIM X(¢3003,H(300)
DIM T(lO)aY(!D):S(ID):U(IO)JL(IO)nV(lO)pA(lO)sH(IO):B(iD)
DATA 6:100:105:10:305320:603038’25’!0-5:10:]3-5:5
PRINT"D2 YOU WANT A LOG-NORMAL FITCO=N@, 1=YES) ™S .

INPUT Z9

PRINT™1S DATA GREUPEDCD=ND, 1=YES) "}
INPUT Z8

IF Z8>.01 THEN 16

READ N

LET G = N

G TO 17

READ G,N

FOR I = 1 TR G

1F Zg8>.01 THEN 23

READ X(1I)

G@ T2 24

READ X(I),HC(L)

IF Z29>.01 THEN 27

NEXT I

GO T@ 29

LET XCIY2.43429452LBG(XC1))
Ge Te 25

FOR I = | T8 G

IF Z8>.01 THEN 33

LET S1 = S1+X(1?

G8 TO® 35

LET S1 = S1 +HCI)*X(1)

Ge T 37

LET S2 = S2+X(I)Y%xX{I)

G@ Te 38

LET S2 = S2+HCIM=XCII*X(I)
NEXT 1

LET M = S1/N

LET D = SERO(N*S2=-S1%S1)/{N®2(N=122)
LET TC1)=.25335

LET T(2)=.5244

LET T(3)= .B4162

LET TC4)= 1.28155

LET TC(S)= 1.64485

LET T(63=.2.32635

LET Y{(1)= 1.268

LET Y(2)= 1.318

LET Y(3)= 1.4288

LET YCa)as 1.7094

LET Y{5)= 2.1137

100 LET Y¢6)= 3.7331

110
120
130
140
150
160

FOR 1 = 1 T2 6

LET SC¢I) = (Y(I)*D)/SBR(N)
NEXT I

FAR 1 = 1 T@ 6

LET LCI)Y = M=DxT(1)

LET UCE) = M+D=xT(I)
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170 NFEXT I

180 FOR I = 1 TG 6

190 LET v¢Id = LI =S¢ T(5)

200 LET W(Iy = L(I) + SCIY®T(5)

210 NEXT I

220 FOR 1 = 1 TO &

2030 LET ACI) = UCI) ~SCII*T(3)

040 LET BCI) = UCIY + SCII*T(S)

250 NEXT 1

260

ogn IF 79>.01 THEN 630

290 PRINTTCENTRAL VALUES O@F LOWER PERCENTILES"

300 PRINT

310 PRINT™1ST","10TH","20TH"» U3OTH*, "40TH"

320 PRINT LC6Y,LCaYL¢33,L(23,L 010D

330 PRINT

340 PRINT

350 PRINT™CENTRAL VALUES OF UPPER PERCEZNTILES™

360 PRINT :

3706 PRINT HEOTH, "TOTH", "BOTH ", »"90TH", "'99TH"

350 PRINT UC1Y.UC2),UC33,UC4),U(HD

390 PRIN

400 PRINT

410 PRINTPLOWER 5 % BOUNDS ON LOWER PERCENTILES"

420 PRINT |

430 PRINT™1ST™,"10TH">"20TH", TRAOTH . ""4OTHY

440 PRINTVLEIsVI4I,V(3I,V(2),V01)

450 PRINT

459 PRINT

470 PRINT"LOWER 5 7 BOUNDS 8N UPPER PERCENTILES"™

480 PRINT

590 PRINT"6GTH","7OTH":"80TH";"9OTH";"99TH"

500 PRINT‘A(l):A(E);A(S);A(é):A(é)

510 PRINT

520 PRINT

530 PXINTUUPPER 95 % BOUNDS ON LGWER PERCENTILES"

53% PRINT

§40 PRINT™1STY™,"10TH","20TH","30TH", *40TH"

55N PRINT W(6YsWCAI,W(3I>W(2)sW(i)

560 PRINT

ST0 PRINT .

SR80 PHINT"UPPLER 95 % BGUNDS &N UPPCR PERCENTILES"

590 PRINT

595 PRINTY™SOTH',""TOTH","8OTH"> HOOTH", "F9TH"

600 PRINT BC1),BC2),B(3),B(4),8(6)

605 17 79>.01 THEN 621

G100 PRINT

612
6.4
alé

PRINT"MEAN="M
PRINT"SIGMA="3D
PRINT
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620 GO T2 12

621 PRINTMEAN GF COMMON LBGS='%;
622 PRINT“SIGMA OF CCMMGN LOGS="; D
623 LET R9=2,3025851M

624 LET R = 2.3025451%D

625 PRINT"MEAN OF NATURAL LOGS="; ko
626 PRINT“SIGMA OF NATURAL LOGS="; RS
627 LET ¥=210%M _

628 PRINT™S0TH PERCENTILE='"3M

629 GG TO 750

630 FOR I = 1 TO 6

640 LET LCIY = 107LCI)
650 LET ULIY = 10tUcCly
660 LET V(IY = 101V
670 LET ACIY = 10tALID)
630 LET WCIY = 101W(CI)
690 LET BCI)» = 10tBC(ID
700 NEXT I

710 GO TC 290

720 PRINT

725 PRINT

730 LET RT = M +(1.645%D)/SCRIND

735 PRINT"UPPER 95 Z LIMIT OGN MEAN =";R7

T4 STQP

750 PRINT

755 PRINT

760 LET R&6 = IXPCRI +(1.645%RE)/SARINID .
765 PRINTUPPER 95%2 LIMIT ON INVERSE TRANSFORM OF MEAN OF LOGS=*;Ré
790 LEZT A9 EXP(R9+«5%RB%RB)

8§00 LET A8 = A9%SQR(-1 + EXP(R8%*R3))

810 PRINT 4

520 PRINT

E30PRINTYMEAN OF CORIG. VARIABLE(ASSUMING IT IS LGG-NGRMALI=''3 AT

840 PRINT
BSOPRINT"SIGMA OF QRIGs VARIABLECASSUMING IT IS LOG=NORMALI=';AB

900 END

+

READY
LOG-NORMAL EXAMmPLL

2 DATA 6,100,1.5,10,3.5,20,6,30,8,25,10.5,10,13.5,5

(100 data points divided up into 6 groups)

KHUN
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D@ YOU WANT A LOG=-NORMAL FITC(O=NO, 1=YES) ? 1

1S DATA GROUPED(O=NG, 1=YES) ? |

CENTRAL VALUES OF LOWER PERCENTILES

1ST 10TH 207TH 30TH 40TH
1.45135 2.65085 3.41618 4.10176 4479556

CENTRAL VALUES OF UPPER PERCENTILES

60TH 70TH 8OTH 90TH 99 TH
642264 7.50901 9.01597 11.619 21.2216

LOWER S % BEUNDS ON LOWER PERCENTILES

1ST 10TH 20TH 30TH 40TH
1.01864 2.25414 2.98328 3.61982 4.25222

LOWER S % BOUNDS ON UPPER PERCENTILES

60TH 70TH ) 80TH 90TH 99 TH
5469495 6+62673 To BT 346 9.83018 14.89 46

UPPER 95 % BQUNDS C™ LOWER PERCFMNTILES

15T 10TH 20TH 30TH 40TH
2.06788 3.11737 391189 4464786 5.40833

UPPER 95 Z BOUNDS ON UPPER PERCENTILES

60TH 70TH 80TH 90TH 99 TH
7.242331 8.50875 10.3243 13.6638 30.2364

MEAN @F CBMMON LBGS= 744276
SIGMA OF CeMMON LP2GS= .250393
MEAN QOF NATURAL LEGS= 1.71376
SIGMA OF NATURAL LBGS= .576552
SOTH PERCENTILE= 5.54979

UPPER 95% LIMIT 8N INVERSE TRANSFOGRM OGF MEAN QOF LBGS= 6.10191

MEAN @F BRIG. VARIABLE(ASSUMING 1T IS LOG=-NGRMALY= 6.55328

SIGMA COF BRIG. VARIABLECASSUMING 1T IS LOG-NERMAL)>=

“4.11517



