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ANALYZING CUMULATIVE DAMAGE BY ENTROPY

INTRODUCTION

The concept of Entropy (i.e., Statistical Weakness) has a multitude
of useful applications in the fields of product durability and reliability .
One of the most interesting applications of Entropy is in the general
treatment of cumulative damage analysis questions. In this bulletin we
shall show how this concept of Entfopy can be applied to cumulative damage
situations. Among other things, we shall show that Miner's Rule is the
result of Entropy analysis when the Weibull slope remains fixed for different
stress levels under which fatigue life has a two-parameter Weibull distribu-
tion . It will , furthermore, be shown how systemaﬁ:ically we can handle duty
cycles in cases of repeated application of specific stress levels over and over

again in a cyclic fashion .

A NUMERICAL EXAMPLE OF A THREE-LEVEL DUTY CYCLE

Suppose an item is subjected to a duty cycle defined as follows :

Weibull Parameters =

At Stress. : 5000 cycles B = 20 bn mag 100, 000 cycles

1 il ]
One _ :
At Stress_ : 3000 cycles b = 2ehi 8 50, 000 cycles
2 2 2
Round
At Stress3 : 2000 cycles b3 = 2.5 3 93 = 20. 000 cycles

This type of loading with the 3 stresses is repeated round after round until

failure occurs .

QUESTION : What is the reliability (i.e., survival probability) of the item

to 30, 000 cycles ofthis type of repeated cyclic loading ?



DRI STATISTICAL BULLETIN

Volume 14 February , 1985
Bulletin 8 ‘ Page 2

SOLUTION

30,000 cycles represents 3 rounds of the duty cycle , since one round

is (5000 + 3000 + 2000) = 10, 000 cycles.

The first 5000 cycles under Stress1 produces an Entropy1 equal to

2.5
61(5000) = (5000/100, 000)
Under StressZ ., this same Entropy would have been produced in 2500 cycles ,
2 2
because (2500/50,000) et (5000/100, 000) b

So, after Stre552 is done , there will be an Entropy equal to what Stress2

produces in a total of 5500 cycles , e
2.5
52 (5500) = (5500/50,000)
Under Stress3 , this same Entropy would have been produced in 2200 cycles,
2.5 2.
(2200/20, 000) = (5500/50, 000) >
So, after Stress3 is done in the first round of the duty cycle there will be an
Entropy total equal towhat Stress3 alone produces in a total of 4200 cycles, i.e.,
2.5 |
£, (4200) = (4200/20,000)
So, in one round of 10, 000 cycles , i.e., (5000 + 3000 + 2000) cycles , there
: ~ 2.
must be a resultant characteristic life 6 , such that (4200/20000) e
2.5
(10,000/6) , which makes % = (20,000)(10,000)/4200 = 47,619 cycles .

The Resultant Entropy at 30, 000 cycles of this type of cyclic loading is

A
8(30,000) = (30,000/47,619)2'5 = .63

Hence the Reliability to 30,000 cycles of this cyclic type of loading is

G -.63
R{30,000) = € = = 25325 (Ans. )
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GENERAL CASE OF A THREE-LEVEL DUTY CYCLE
(FOR FIXED WEIBULL SLOPE b)

Weibull Parameters

At Stress S1 z N1 Cycles b and 0 1
(
One 1
e At Stress SZ ; N2 Cycles b and 6 > T
At Stress S3 2 N3 Cycles b and @ 3 j
- E(N):(N/Q)b - QN/Q/O
1 Rl ]
b b
€,0,N /0, + N)) = (N /0, + N/e,) = [‘1;3(1\11/91 + NZ/OZ)/Q3]

63 ES(NI/OI + NZ/OZ) + N?] = (Nl/gl + NZ/OZ + N3/93) =
Entropy After (1) Round of Duty Cycle

The Entropy after (1) round of (N1 Nk N3) cycles of cyclic loading with a

2
resultant characteristic life of 6 is

[_ 1t N + N )/@‘Jh
b A
Thus: , (Nl/G)1 + NZ/Q2 + N3/93) = DN1+N2+N3)/9J
Miner's
or , NI/G + NZ/Q2 + N3/93 = (N1 + N, + N_,)/0

1 2 3 Rule

We get the same numerical answer in the first example by applying Miner's

Rule , as follows :
Nl
0

5000 N, = 3000 N 2000
9

2 3
100, 000 = 50,000 e:

It s 2 5

20, 000

Then,by Miner's Rule (derived above) , 5000/100,000 + 3000/50, 000 + 2000/20, 000
= 10,000/6 ; (5000 + 6000 + 10,000)/100,000 = l0,000/ﬁ

21, 000/100, 000 = 10, 000/6 : Thusl 8 = 10,000/.21 = 47,619 cycles (ans.
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GENERAL TWO-LEVEL DUTY CYCLE WITH DIFFERENT WEIBULL SLOPES

Weibull Parameters

Stress S, : N, cycles b, and 0, }
One §
Round | Stress SZ ¢ NZ cycles b and © k
2 2 )
‘ b, b, b./b,
81(N1) = {N 85y = (NZ/OZ) o N (N /9)
b /b bl/bZ b2 bl
g [Z(N /e & NZ:]:ENI/QI) + N2/02] = (Nl”/el)
b,/b b,/b
ek P2 2=
MY = BN /e,) + NZ/OJ
b,/b, b, /b b./b b, /b \ b
2 & i 2 Lo | 1
& { \:(N /6,) + NZ/OZ] £ ‘{KNl/gD + Nz/g.z] + Nl/Glé
J

(NZ"/QZ) 2
b./b

b. /b b,/b
) 3 1'%z 2 2y 1495
fus i —{ENI/GI) + NZ/OZ:] 5 NI/OI}

b./b b,/b b. /b ~b
52(2 Rounds) = {BNI/OI) Lty NZ/QZ] % vy Nl/Ol} Nt 19 :

1 f _ Byiby Palby ABB, b, /by i
81(2 > Rounds) =L§(N1/GI) + NZ/QZ] + Nl/gl} + NZ/sz +Nl/9

vb /b \b /b b.

B b./b b,/b b,/b
1252 2] 152 ;
82(3 Rounds) QKNI/OI) +N2/92] +Nl/gl\j +N2/9; < +N /o} +N2/92
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The entire procedure for a two-level duty cycle with different Weibull

slopes for the two stress levels can be summarized step by step , as

follows =
Entropy Calculations at the End of
Step 1: Let ’kl = (Nl/gl) the Rounds of the Duty Cycle
Step ks C alculate 'lel/bZ
(End of Round 1)
Step 3: Add (N,/0,) to get 3,2 b
(1 Round) = A, -
bz/b1
Step 4: Calculate 3\2
Step’ 5 Add (Nl/Ol) to get }3
bl/b2
Step 6 : C alculate )\3 7
(End of Round 2)
Ste it Add (N,/6,) to get X b2
- ( 2 2) 5 4 (2 Rounds) = 'X4
ba/b1
Step 8: C alculate 7&4
Step 9: Add (Nl/gl) to get 15
b /b, Y
Step 10: Calculate A, (End of Round)
bZ
Step 11 : Add (N,/6,) to get X, (3 Rounds) = A,
ete. etcs ete .
CONCLUSION

It can be seen that the Entropy approach constitutes a systematic method of
evaluating cumulative damage produced by a given duty cycle with changing
stress levels. It is a decided improvement over the old-fashioned techniques
which were employed prior to the discovery of the Entropy Method. Such old-
time rules as Miner's Rule and the Corten-Dolan Equation are simply the

theoretical outcomes of special situations when analyzed by the Entropy Method.



