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INTRODUCTION

Spare parts inventory banks are always built up

in acoeordance with the following basic premise;

THE LAW OF EQUALITY OF INPUT AND OUTPUT:

Over some specific time interval (t_, t,)
a set of N spare parts ordered at time t  will
all be used up by time t,. The set of N spare
parts ordered at time t_ can be considered as
INFLOW into the inventory bank, while the use
of these spare parts for replacement purposes
can be considered as QUIFLGW from the same
inventory bank. In this fashion, every new

£ order for spare parts is an INFLOA, and every

L'

replacement case is an OUTFLOW. 1In the long run,
accumulated OUTFLOW will equal accumulated INFLOW

over some time lag.

This law of equality of INPUT and OUTPUT will serve as
our basis for the prediction of reliability from spare parts
erders. We must distinguish between wvarious events and
their dates in order to analyze this reliability prediction

problem. These events are discussed in the next section.
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IMPORTANT EVENTS AND TIME INTERVALS

IN PARTS REPLACEMENT ANALYSIS

The varions events and time intervals which nsed to be
considered in the analysis of spare parts sales versus

reliabllity are:

., EVENT # 1: THE DELIVERY OF A NEw CAR.

We call the date of this event the DELIVERY DATE.

EVENT # 2: THE FAILU:ZE OF THE OLD PART.

We call the date of this event the FAILURE DATE.

EVENT # 3: THE QRDERING OF THE REPLACEMENT PART.
We call the dats of this event tha CHDER DATE.
EVENT # &4: THE ACTUAL INSTALLATION OF THE NEW PART.

We call the date of this event the INSTALLATION DATE.

- In addition te the above events and their dates, we need

the following REFERENCE DATES:

REFLRENCE DATE # 1: The date of the start of production

of current models.

REFERENCE DATE # 2: The analysis date, on which

reliability is predicted by looking at car sales and
spare parts sales accumilated to that date from the
start of production of the particular model being

investigated.
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VARTABLES DERIVARLE FROM EVENT

AND REFERENCE DATES

VARIABLE # {: THE AGE AT FATLURE,

AGE AT FAILURE = FAILURE DATE - DELIVERY DATE = X

VARIABLE # 2: MONTHS TO DELIVERY FROM START OF CURRENT PRODUCTION.

MONTHS TO DELIVERY FROM START OF CURRENT PRODUCTION =
DELIVERY DATE -~ REFERENCE DATE # 1 = ¥
VARTABLE # 3: MONTHS TO FAILURE FROM START OF CURRENT PRODUCTION.

MONTHS TO FAILURE FROM START OF CURRENT PRODUCTION =
FATLURE DATE - REFERENCE DATE # 1 = 2

VARIABLE # 4: MONTHS TO PARTS ORDER FROM START OF CURRENT PRCDUCTIOCN.

MONTHS TO PARTS ORDER FROM START OF CURRENT PRODUCTION =

ORDER DATE - REFERENCE DATE # 1 = 7T

VARIABLE # 5: THE NUMBER OF PARTS FAILURES IN CURRENT MODELS OF

AVERAGE AGE X.

FX = NUMBER OF PARTS FAILURES IN CURRENT MODELS QF AVE. AGE X =
NO. OF PARTS ORDERED IN MONTH T, . AFTER START OF CURRENT
PRODUCTION X ALLOCATION RATIO OF PARTS FAILURES FOR
CURRENT MODELS

where T, =2, + (AVE. MONTHS FROM FAILURE OF OLD PART TO
gk 6 NEW PARTS ORDER)

VARIABLE # 6: IEE NUMBER OF UNFATLED PARTS IN USE ON CARS OF

AVERAGE AGE X.

8 = NUMBER OF UNFAILED PARTS IN USE ON CARS OF AVE. AGE X
X
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RULES EMPLOYED IN PREDICTING RELIABTILITY

FROM SPARE PARTS ORDERS

FIRST SET OF RULES: (FOR CURRENT MODEL YEAR ONLY)

I. A failure occurring (Z < 12) months after start of current

’ production is, on the average, in a car (-%-) months old.

II. A failure occurring (Z > 12) months after start of current

production 1s, on the average, in a car (Z - 6) months old.

ITI. Hence, the average car age at failure, when failure
occurs Z months after start of current production, is
X=mx (&, z-6).

IV. At T months after start of current production, a spare part
ordered goes to repsir a failure which occurred Z months
after start of current production, where Z is a random

rumber somewhere between (T - L) months and (T + U) months.

L is a raﬁdom rmumber between 0 and 12 months.

U i8 a random number between 0 and 24 months.
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SECOND SET OF RULiS: (FOR ONE YEAR OLD MODELS)

I.

III.

4 faillure in g one-year.old model occurring Z months
after the start of production of current models is,
on the average, in a one year old model of age (Z + 6)

mohths.

Hence, the average car age at failure, when failure
occurs Z months after start of current preduction is

X=2+6.

At T months after start of current production

& spare part ordered for az one-year-old medel
goes to repair s fallure which occurred Z months
after start of current production, where Z is a
random number somewhere between (T - L) months and

(T + U) months.

L 35 a random number bstween ¢ and 12 months.

U is a rardom number between 0 and 24 months.

s
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ALLOCATION FRACTIONS OVER SEVERAL MODEL YEARS

It is quite a commen thing to have the same replacemeni part used for several
model years. When such i3 the case, it 1is Ilncorrect to assume all replacement parts
are installoa in the current year's model. Instead, we must properly allocate sold
replacement parts to the several model years in which they are usable. This involves

the following considerationst

(a) Other things being equal, older models will require more replacements duwe

to their added service exposure.

{(b) We must be knowledgeable concerning possible high fallure prebabilities
in particular models whenever such probabilities exceed what is predicted
purely by length of service. For example, new models could very well
require more replacements than old models because of some special crisis
or difficulty with the new models. By the same token, somes older models

with special difficulties could require more replacements than what is

=

predicted only from comparative lengths of service.
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ALLOCATION FRACTIOKS WITHOUT SPECIAL CRISES

Ist K = The number of model years using the same replacement part
Ist A = Allocation fraction for the model year i

31 =1 denotes the current model year
i =2 denotes one year old models

i1 =3 desnotes twe year old models

ey

—- i = £ denotes the cldest models using the part

v

MATHEMATICAL ASSUMPTIONS CONCERNING WEAROUT

I : When all the model years involved are without special orises, the allocation
fraction Ay for any particular model year is equal to the fraction 11_1
(for the 1later model year) increased by a constant § (grester than zers).

This constant difference § must be such that all K allocation fractions

add up to unity , i. e. ,

A v (A v 8) v (A +28) + e w rans] =1

(NO‘I‘E:Aiﬁ-Ss Ay, 11+zs,.=A3,.....,;.1+(x_1)g. A )

( § is known as the annual wsgpout increment . )
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| II ¢+ When there are no special '.crises, a replacement part used for K model years
should have the fraction 1/K of all replacements allocated to the middle
year of all the K model ysars in question, with a fraction less then 1/K
allocated to model years newer than the middle year, and a fraction greater
than 1/K ailocatod to model years older than the middle -y.nar, with:guceessive
years showing allocation fractions increasing annually by the wearout increment S,
For ox;mple, for K = 3 model years, we would have allocation fractions (Al Ay shy ))
with A, = Al + 5

(& >0)

and 11<1/3 3 A, = 1/3 A3>1/3 .

These must be such that Al + A + AB = i .
2

1)

I-h case K 1s even , the two middle years must have allocation fractions

averaging out to /K .
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T months after ihe start of the current model's production 3

(T/12)P1 ourrent models have been produced.

T/2 months is the average age of current models on the road.

P2 one-year-old models have been produced.

(T + 6) months is the average age of ene-year-old models on the road.

P, two-year-old models have been produced .

3
( T + 18) months is the average age of two-year old models on the road.

P4 three~year.old models have been produced.
(T 4 30) months is the average age of three-year-old-models on the road.

PK (E~1)-year-old models have been produced.

( T + 12K-18) months is the average age of (K-1)-year-old models on the road.

Therefore, at the end of the current model year , the characteristic life of the part

under investigation 1s , by maximum likelihood estimation,

oy

1/b
b b
6p,) + (1ap2)b + (3093)" o ow e F BIZM)PK_l

Cumulative parts sales over the years i through K

=

(b = Weibull slope. )



o

DRI STATISTICAL BULLETIN

Volume 9 =10«

Bulletin 6 December 1979
DETERMINATION OF Al(T) ~=1.e8., THE CURRENT MODEL'S ALLOCATION IN MONTH #T IN ITS MODEL IR.

If a wear-out process is involved, Al(T) will be a function of T , the mumber
of months. after start of current production. If no wear-out is involved, but enly
random outaicie influences cause failure, then Al('l‘) will be & constant, independent

of T « We can write the ratio

Ai(T) - I_T ¢ 124 = 1;' b1 (?lﬁ - T + 121 18
— L le J EXP A A
Ai(T) 6 4

A
Tf the part has MYIEIGH WEAR-OUT ( b = 2) , and if 4 41s lerge compared to T,

then
Ai(T )

+ i - 18
- T 12 1 (1)

T/2
;i A, (T)

At the end of the current model year (when T = 12) , we obtain the following

ratios from (1) :

i RATIO
2 A,(12)/ A (12) = 3
3 4,(12)/ A (12) = 5

A, (12)/ A (12) = 7

e 0o = b

K AK(I.Z)/ 11(12) 2Kk = 1
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Hence,
A1(12) + A2(12) + A3(12) e T - AK(12) = 1 becomes
( Letting 11(12) = A1)
A1+3A1+SA1+?A1+....+(ZK-1)A1=1 i
1 1
9 A 1 + 3 + 5 4+ 7 + o s e e + {2-1) ) KE
(For Rayleigh wear—out at 12 months)
This is in contrast to the case of zere wear-cut, in which Al =, 1/X .

Hence, for wear—out rates with a Weibull slope

deduce that A

extrapolate, and take

Thus, for Weibull slopes

T ALILOCATION

FRACTION

il

= 1/Kb ( a

A

/K

1/K

-‘.OOE_

X

1

= 1/Kb

t T = 12

1, 1.5, 2, and 3

b =

1 /K%

(A

3 + 1K

1 + 4K

(1/K'}(5 +-\|"'

v (1<b <2 ), we heuristically

months } « Also, for b> 2 , we

we can construct the following table:

b =2 b= 3
1/%2 - 1/i3
a/x2 (: /K3) (3+2K)

5/g2 | ¢ /Ks) { 5+4)
71 G ms)(wsx’

[ N ]

L )

(2K~1)/g2 ( . /Ks)(zxzq)

» ® + @
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For the special case where K = 4 model years, this table yields the following

nunerical allecation fractions:

ALLOCATION
FRACTION b =1 b = 1.5 b =2 b =3
A, 2500 .1250 .0625 .015625
Ay «2500 .2083 .1875 .171875
A, «2500 <2917 .3125 «328125
A, 2500 3750 .4375 . 484375

Form this table we see that increasing the wear-ocut slope b reduces the fraction

of replacements assigned to the current meodel, and drastically increases the number

of replacements in older models,

If there are only X = 2 model years with the same part, we obtain the fellowing

~
-

table :

ALLOCATION

FRACTION bPb=1 b = 1.5_ b =2 b=23
A « 2000 e 3536 2500 « 1250

Az « 5000 « 6464 « 7500 « 8750
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For X = 3 model years with the same part, the allocation fractions are as follows:

ALLOCATION

FRACTION b =1 b=1.5 b =2 b =3
A1 « 33333 19245 11111 ' 037037
Az + 33333 « 33333 « 33333 | + 333333
AS » 33333 o 47422 « 55555 . « 8629630

All these tablas are constructed under 3 assumptions:

(1) That the analysis is at the end ef the current model year ( T = i2) ,

A
(2) That the characterdstic 1life ﬁ of the part is several times larger

A
than T = 12 months ( say, ﬁ iz at least 60 monthag,)

(This assumption is needed because the allocation fractions assume that)
(a2 failure is a first failure, )

- (3} That none of the model years with the same part have any speciudl
crices , 1.2., only time in service and the wear-ocut slope affect

comparative failure rates ,

REMINDER : THE ABOVE NUMERICAL VALUES FOR ALLOCATION FRACTIONS ARE VALID ONLY
IN THE TWELFTY MONTH OF THE CURRENT MODFL YEAR, The allocation

fractions during other months must be developed from the ratio (1)
on page 10 by using the appropriate value of T . ‘



-14a ;
December , 1979

DRI STATISTICAL BULLETIN
Volume 9 Bulletin 6
HOW A CRISIS AFFECTS THE CURRENT MODEL'S ALLOCATICH FRACTICN

The seriousness of a failure crisis (i.e., a failure epldemic) for a part in

a2 current model iz measured by the deviation of the current modelt's allocation

fraction from what the allocation fraction normally would be in a crisie-free
We can

sttuation for all the X model years with the same replacement parte

also state that in a serious crisis there is a high probability that a fallure

which does occur is due to the special difficulty creating the crisis, rather

than being due to nermal wear-out.

the probability that a failure in the current model is due to

Let o =
a crisis problem .

the current medelts allocation fraction when failure=s due to

Let A1 =
1 a crizsle have probabllity 4 .

The normal wear-out (crisis-free) allocation fraction for the current modsl

year is ( at T =

12 monthe )
(b = Weibull slope
(i.e., waar-out slope)

it

4, (12) 1/¢P
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We look upon this normal wear-out allocation fraction as the median rank of the

A A
fiprst order statistic in a sample of gize N . N nust be obtalned from
/N
the agustion A‘i - 1/K'b - 1 - (. 5) .
A
Solving this for N glves
a Log 5 Log 5
N = = ™
log (1 = 1/Kb ) Log (I = Al)

Now, we define qA1 as the g-rank of the first erder statistic in the same

P
sample of size T .

For example, if there is a 95 % probability that a failure in the current

model is due to a crisis problem , then the allocatien fraction for the curreamt

A
made] bscomes the 95 % rzhk of the first order statistic in N .

kY
-

A% 2 numerical example , take ths case of K = 3 model years with a

Weibull slope 1.5 4 The normal allocation fractions are ( at T = 12 mo. }):

A1 ] .1 9245 » A.2 - .33333 ] Aa = .47422 -
st e
Fow, A = 19245 = |Medism rank ef 1= im N ,
~
where i = Log @ = Log o5 s =908 o 342428

For 95 % probability of a crisis~induced failure, we them calculate

1/3,2428

st
- 02 =z 1 = -
.95‘1 05 % rank of 1 in 3.2428 {1=,95)

= 1 - (.05)1/3.2428 T = .3970 = 06030 -

Thus, with a 95 % probability crisie 1in the current model , the amount allocated

to thHe current model year jumps from a normal values of 19,245 % of all replacenents
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sver 3 model years to 60.3 % of all replacements over 3 model years. Notice that

a4 failure is not considered to be due to a special crisis unless the odds are

batter than aven that it is more frequent than a normal wear-out fallure,
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TSTIMATING THE OVERALL WEAR-OUT SIOPE AND RELIABILITY
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£stimating the ever—all wear-out and r=liability is best described by an actual

numerical example.

part.

Suppose there are

K = 3 model years with the same roplacement

For axample, let the suaulative number ef unita which have been produced in

each of the 12 months of the current model year ( including ons-year-old and twe-year.

old models) be as follows:

PRODUCTION TABLE

MONTH CURRENT CURRENT ONE-YEAR OLD TWO~YEAR OLD TOTAL
_NOs_ PROD, CTM. CUM. PROD. CUM. PROD. CUM. PROD,
1 38,000 38,000 495,600 501,100 1,033,700
2 39,500 77 4500 1,073,200
3 37,700 115,200 1,110,900
4 41,400 156,600 1,152,300
5 40,200 196,800 1,192,500
6 39,000 235,800 1,231,500
7 42,000 277,800 1,273,500
8 38,500 316,300 1,312,000
s 40,100 356,400 1,352,100

o 39,800 396,200 1,391,900

1 41,100 437,300 1,433,000

& 35,600 472,900 Uy ~ 1,468,600
P s S P B ok < M S T e szum
g%igEggTALf 472,300 % € g G+ Cp* Cy )
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Suppose, furthermore, that the cumilative number of replacement parts ordered

in each of these months during the current model year are as followsg

PARTS SALES TABRLE (CURRENT MODEL YEAR)

MONTH PARTS CUM. NO. OF TOTAL CUM.
PARTS FROM NUMBER OF
NO. CRDERED PREV. YEARS PARTS SOLD
1 525 24,560 25,085
2 1595 26,680
3 2520 29,200
4 3050 32,250
5 2910 35,160
6 3475 38,635
7 4020 42,655
8 3955 | 46,610
9 4150 : 50,760
10 g 4840 55,600
11 4980 60,580
12 5225 65,805
TOTAL PARTS
ORDERED T 41,245
(LAST 12 MO.)

PRESENT INVENTCRY POLICY ASSUMPTIONs  INVENTCRY BANK = 25 % of TOTAL SOLD TO DATE
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By lining up the production totals from the PRODUCTION TABLE and the parts sales

totals from the PARTS SALES TABLE with the WEIGHTED AVERAGES OF CAR AGES , we obtain

the following FAILURE RATE TABLE for all three model ysars collectively 1

FAILURE RATE TABLE

PPl S L —

(1) (2) (3) (#) (5) (6)

MONTH CUM. CUM. NO. CUM, NO, OF CUM. SALES WEIGHTED PERCENT
CAR PARTS FATLURES AVE. CAR AGE
NO, SALES SOLD (INSTALLATIONRS) (IN MONTHS) o FATLED
1 ger ) | AMIREEIGED )
Ci+ C +C4 '

1 1,033,700 | 25,085 18,814 12.567 1.820 4

2 1,073,200 | 26,680 20,010 13.086 1.865 %

3 1,110,900 | 29,200 21,900 13.624 1.971 %

4 1,152,300 | 32,250 24,188 14,121 2,095 %

5 1,'192,500 35,160 26,370 14,630 2.211 %

6 1,231,500 | 38,635 28,976 154150 2.353 %

7 1,273,500 | 42,655 31,991 15,640 2.512 %

8 1,312,000 | 46,610 34,958 16.163 2.664 %

9 | 1,352,100 | 50,760 38,070 16.671 2.816 %
:10 - 1,391,900 | 55,600 441,700 17.180 2,99 %
11 1,433,000 | 60,560 45,435 17.678 3.171 ¢
12 1,468,600 | 65,805 h9,354 18.222 3.361 %
&

(C, , C,, and C, appear in the PRODUCTION TABLE' for each month. )

ROTE:

INVENTCRY BANK = 16,451

(at end of current model year) .
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We are now ready te predict the wear-out slope and the reldability for all
three years collectively frem this over-all FAILURE RATE TABLE . Ve do this by
taking the numbers in column (5) as ABSCISSAS on WEIBULL PAPER , while naldng the

numbers in column (6) to be ORDINATES on WEIBULL PAPER, The resulting plot is

shown as the PREDICTION PLOT on the next page,

From the PREDICTION PLOT we read ¢

WEIBULL SLOFE = 1474 (This is the wear-out slope b .)
B10 LIFE of part = 35 months
MEDIAN LIFE of part = 104 months = 8 2/3 years
A
CHARACTERISTIC LIFE of part = 128 months = 10 2/3 years ( VALUE OF §

RELIABILITY OF PART FOR 12 MONTHS = 1 = ,016 = «984

o

)
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PREDICTION PILOT {OVER 3 MODEL YRS.)
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